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Abstract—Sufficient conditions for existence of concentration oscillations of components of complex reactions are consid-
ered on the basis of graph theory. Graphical rules were developed for detecting oscillators in kinetic schemes of complex bio-
chemical systems. The main types of topology and principles of construction of kinetic schemes of oscillators containing two,
three, and four substances are considered. The resulting oscillators might be a part of the biochemical systems of the n-th
order. Under certain conditions they were found to be capable of generating oscillations of the system components.
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A theoretical graph method for search and analysis of
critical phenomena (trigger behavior, multistationary
character, and concentration oscillations) in biochemical
systems has been developed and described in the preced-
ing work [1]. The goal of this work was to continue this
study. The approach suggested in [1] was based on the
works of Clark [2-4], Volpert [5], and Ivanova [6-8]. The
theoretical graph method allows a reaction/stage/frag-
ment involving two, three, four, etc. substances responsi-
ble for critical phenomena to be isolated from the scheme
(graph) of complex biochemical reaction. The fragment
of the system includes the minimum number of sub-
stances and reactions required for the critical phenomena
in the system of interest to exist. In this work I consider
the main graphical rules of construction of Kkinetic
schemes of biochemical reactions and list the topological
types of the possible schemes of oscillators involving two,
three, and four substances.

The graph method is an additional tool to methods
of qualitative theory of differential equations, which are
usually used in analysis of mathematical models of bio-
chemical systems. Illustrative presentation of data is an
advantage of the graph method. It is well known that the
dynamics of components of a system of reactions is char-
acterized by the values and signs of the roots A, A,, ..., A,
and coefficients a,, a,, ..., a,, of the characteristic m-th
order polynomial of the Jacoby matrix. Based on the
graphical rules, it is possible to construct the Jacobian of

the system and to determine the values and signs of the
coefficients a,, a,, ..., a,,, which, in turn, determine the
values and signs of the roots A, A,, ..., A,,. Therefore, the
shape of the graph (scheme) of a complex reaction allows
information about the type and number of the stationary
states of the system to be obtained without solving the
corresponding sets of simultaneous differential and alge-
braic equations.

It should be noted that these are the kinetic equations
based on the mass action law that are considered within
the framework of the theoretical graph approach. In the
absence of significant temperature and spatial inhomo-
geneity, the system is assumed to be homogeneous.

Any diagram method is secondary with respect to the
underlying mathematical apparatus. Diagrams are
designed to substitute and simplify analytical procedures.
Therefore, the main necessary analytical expressions of
chemical kinetics and their representation in a graphical
form are worthy of steady and systematic consideration.

1. Basic definitions. Equations of chemical kinetics.
Let X, X,, ..., X,, be a list of substances (initial, interme-
diate, and reaction products) involved in a complex
chemical/biochemical reaction composed of R elemen-
tary reactions. Here and further reversible stages of the
complex reaction are represented by two elementary
reactions (direct v; and back v,;). In this case, the stoi-
chiometric equation of the complex reaction can be writ-
ten as follows:
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Sa, X, X, (r=1,2, .., R), (1)
i=1 J=1

where v, is the rate of the »-th elementary reaction; a,; and
B3, are the nonnegative integer stoichiometric coefficients
corresponding to the number of molecules of the initial
substance X; and reaction product X; involved in one ele-
mentary reaction act v,, respectively. According to the
mass action law, the rate of the r-th elementary reaction
of the mechanism (1) can be written as follows:

o,

Vo =k X (2)
where k,, x;, and a,,, are the reaction rate constant, con-
centration, and stoichiometric coefficient of the sub-
stance X,, respectively.

By definition, the reaction rate v with respect to
the component X is an algebraic sum of the rates of con-
sumption (I reactions) and production (p reactions) of
substance X, in all elementary reactions v, (r=1, 2, ..., S,
where S = [ + p) involving X;, multiplied by correspon-
ding stoichiometric coefficient. The coefficients o, of the
initial substances are assumed to be negative, whereas the
product coefficients B; are assumed to be positive:

. S
v E@Ex,. =2 Br—a,) v, (i = 1,2, .., m). (3)
dr =
Thus, if certain physicochemical conditions are
observed (homogeneity of reaction medium, absence of
flows, etc.), any complex chemical/biochemical reaction
involving substances X; (i = 1, 2, ..., n) can be uniquely
described by a set of simultaneous ordinary differential
equations of the m-th order (m < n). This is true, if some
of n variables are mutually dependent and there are (n —
m) balance equations.
It is well known that the time dynamics of the system
(3) at low-amplitude fluctuation near a stationary state
X, Xy, ..., X, is determined by the roots A, A,, ..., A, of the
characteristic polynomial

p(i)=im +/1m_1.a1 +...+Am_k.a}c +.--+am =0 , (4)

of the matrix B (Jacobian), the elements of which are
determined, by definition, from the following equation:

b - ox,
Ox; |

X1..X

(i,j=1,2,..,m). 4)

n

Substitution of expression (3) for derivative X;, in
which reaction rate v, is defined in accordance with (2),
into Eq. (5) gives an explicit equation for calculation of
Jacobian matrix elements:

=

b. =

g

B, —ay)-a, = (j=12 .. m). (6)
X

J

~
1]
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It follows from the theorems of linear algebra that
the coefficient a,; of the characteristic polynomial (4) is
equal to the sum of all diagonal elements of matrix B mul-
tiplied by minus one:

a=(-D">5, ()
i=1

Coecfficients a,, as, ..., a,,_ taken with corresponding
sign are equal to the sums of all the second order diagonal
minors (M; = M"?), the third order diagonal minors

(M, = M5 ),1:.2., and diagonal minors of order (m —

By ,iy o

1) of the J acobian matrix, respectively (m x m):

/
a, =(-D"> M, (k=2,3,...,m-1), (8)
i=l
where / is the number of all diagonal minors of order k in
the Jacobian matrix, which is equal to the number of
combinations of m elements taken k at a time. Coefficient
a,, is equal to the determinant of the matrix B taken with
corresponding sign:

a, =(-1)"-det B. 9)

Equations (6)-(9) provide a basis for the development of
the diagram method for the search for necessary and suf-
ficient conditions of existence of critical phenomena in
complex chemical or biochemical systems.

2. Criteria of existence of periodic solutions (oscilla-
tions) in mathematical models of biochemical systems. A
number of criteria and tests for the presence or absence of
periodic solutions of a set of simultaneous differential
equations were derived within the framework of the qual-
itative theory of differential equations. These criteria were
derived either on the basis of studies of properties of coef-
ficients a; (i = 1, 2, ..., m) of the characteristic polynomi-
al (Rauss—Gurvitz test, Clark method [2]), on the basis of
studies of properties of the Jacobian matrix elements [9,
10], or on the basis of studies of topological properties of
the phase space (tests of Poincare, Bendickson, Dulac, et
al.). It was shown in [6, 7] that positive value of leading
coefficient a,, and negative value of any of the coefficients
a,(k=1,2,...,m—1) of the characteristic polynomial of
order m, i.e., the condition

a,<0anda, >0, (10)
is a sufficient condition of the existence of a periodic
solution of a corresponding set of simultaneous differen-
tial equations. Conversely, if all coefficientsa; (i=1, 2, ...,
m) are strictly positive at any values of parameters and
variables of the set of simultaneous differential equations
(i.e., the sign of the function is determined), the station-
ary point is single and stable, which excludes the exis-
tence of periodic solutions.

Equations (6)-(9) and test (10) provide an opportu-
nity to put forward graphical rules of analysis of schemes
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(graphs) of complex reaction intended to detect and study
oscillators in complex biochemical systems. Generally,
the results described below are descriptions of the graph-
ical procedure of determination of the sign and value of
any of the coefficients of the characteristic polynomial (4)
based on the scheme of a complex reaction. Therefore,
the rules suggested in this and preceding works are com-
patible with any existent or newly developed tests of the
presence/absence of critical phenomena in any dynamic
system, provided that the test is based on analysis of prop-
erties of the coefficients a; (i = 1, 2, ..., m) of the charac-
teristic polynomial and/or the properties of the matrix
element of the Jacobian b; (i, =1, 2, ..., m).

3. Basic definitions. Graphs and graphical elements
corresponding to elements of kinetic schemes and kinetic
equations. Any complex biochemical reaction (1) can be
presented as a two-lobed connected oriented graph. Two-
lobed oriented graph consists of nodes of two types and
branches of corresponding orientation. The nodes of the
first type X, X,, ..., X, correspond to the substances of the
list of reactions (1) and are shown as symbols (O). The
nodes of the second type v,, v,, ..., Vg correspond to the
rates of reactions from the list (1) and are shown as sym-
bols ( ®). The node of the substance X,(O) is connected
with a branch to the node of the reaction v,( @) if the sub-
stance X, is a component of the reaction v,. The branches
are directed from the substance node to the reaction rate
node

Xi H Vps

if X, is one of the initial substances of reaction v,, or oppo-
sitely

X, O+—®@ v,

if X; is a product of the reaction v,. The branches con-
necting nodes (O) X; with nodes ( ®) v, are assumed to
have weight o, or f3;, which indicates how many mole-
cules of substance X; is spent (a;,) or produced (B,,) in an
elementary act of the reaction v,. Further in this work the
graph branch is called half-pathway.

Thus, any reaction v, (r =1, 2, ..., R) of the stoichio-
metric equation (1) corresponds to a graphically deter-
mined element. For example, a reversible stage of
exchange between substance X, surrounded by medium

Bir Ve > X
—4

sV

corresponds to two graphical elements (half-pathways)
belonging to one node X;, namely, influx of substance X;
to the system with rate v, and efflux of substance X to the
surrounding medium with rate v,:

ﬁir ki O

Vr *— 00— Vs.
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The reactons of conversion of substance X; into substance X;
ajr ' ‘xj L) ir " ‘xi

corresponds to the graphical element belonging to the

type positive pathway

[+ 1 ﬁ
rid ¥
R .
Xo—e-=00 X,

The reaction of interaction between substances X; and X;
Vr
a, X +a, -x,——

corresponds to the graphical element belonging to the
type negative pathway

o o
X, ¥ X,
¥
Graphical presentation of autocatalytic reactions, in
which the substance is involved both as the initial sub-
stance and the product

v!
a, 'Xi +ajr Xj—>ﬂzr 'Xi,

graphical element loop should be introduced
iy

X, v

It is well known that neither of the two stoichiomet-
ric coefficients of autocatalytic reactions a, and B, is
equal to zero and B, > a,,. The graphical element loop of
a complete graph is contained only as a component of
another graphical element (pathway). There are two pos-
sible cases of such combination. First, loop is a compo-
nent of a positive pathway

o
X of o e Bir o X
i v” j

This element incorporates a loop and a positive pathway
directed from substance X to substance X;. This graphical
element formally corresponds to the following scheme:

a, X,——>p.-X,+fp,.-X,

Second, loop is a component of a negative-positive path-

way
oy .
X, X,
v?’

This graphical element includes a loop, a positive path-
way, and a negative pathway. If the stoichiometric coeffi-
cients are equal to a,;, = a;, = 1 and B,, = 2, this element
corresponds to the following autocatalytic reaction:
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X, 4X,—252-X, |

The values of the stoichiometric coefficients in the path-
ways including the graphical element loop are determined
by the law of conservation of matter. It will be shown
below in this work that the graphical element loop is
incorporated in graphs of virtually all existing models of
both hypothetical and experimentally known oscillators
in chemical systems.

Graphs of complex reactions may contain closed
sequences (cycles) of positive and/or negative pathways
combining k nodes of substances X; (i = 1, 2, ..., k).
Within the framework of the terminology suggested by
Clark, let the cycle be called even-numbered if it contains
(a) only positive pathways or (b) only an even number of
negative pathways or (¢) an even number of negative path-
ways plus any number of positive pathways. The cycles
without characters (a-c) are called odd-numbered. An
individual negative pathway is an even-numbered cycle.

Volpert [5] showed that the set of simultaneous dif-
ferential equations (3) corresponding to the list of reac-
tions (1) could be represented by a complete two-lobed
connected oriented graph. In this case, there is an illus-
trative graphical presentation of equations for calculation
of Jacobian matrix elements (6) and coefficients of char-
acteristic polynomial (7)-(9), because they correspond to
a certain part of the complete graph of the system (1).
Moreover, the graphical rules can be suggested to evaluate
which parts of the complete graph of the system deter-
mine the signs and values of the coefficients a, (k =1, 2,

., m) of the characteristic polynomial (4).

Each element b; (i, j = 1, 2, ..., m) of the Jacoby
matrix (6) corresponds to a certain part of the complete
graph of the initial system (1). The diagonal element b;; cor-
responds to all half-pathways passing out of the substance X;.
Element b; corresponds to all pathways (positive and/or
negative) leading from substance X; to substance X; (Rule 1).
Therefore, the Jacobian of the system can be constructed
as the complete graph of the system. Equation (6) in this
case determines the value and sign of the graphical ele-
ments listed above as components of complete graph (half-
pathway, pathway, loop, and cycle) (table). It follows from
the table that half-pathway, positive pathway, and negative
pathway are characterized by negative, positive, and nega-
tive values, respectively. Even-numbered and odd-num-
bered cycles have positive and negative values, respectively.
In this case, if o, = B;,, or o > B;,, or o < B;,, the numer-
ical value of the graphical element loop is zero, or negative,
or positive, respectively (table). Let the three values of the
matrix element b; be brought in correspondence with three
graphical elements: (0)-loop (o, = B;,), (—)-loop (o;. > B;),
and (+)-loop (o, < B,,), respectively.

The graphical representation of the diagonal minor
oforderk (k=2, 3, ...,m—1)in Eq. (8) is an aggregate
of all pathways (both negative and positive) combining k
substances of the system and all half-pathways/loops

ERMAKOV

emerging from all nodes of substances of the system. The
graphical representation of the Jacobian determinant or
coefficient a,, is a connected part of the complete graph of
the system (3), which incorporates substances X; (i =1, 2,
..., m). According to the rule of expansion of determi-
nants, the expansion of the minor of order k gives an alge-
braic sum of the products of the Jacobian matrix ele-
ments. Each product containing exactly k factors has a
graphic equivalent, subgraph of order k.

Subgraph of order k is an aggregate (product) of half-
pathways/loops, or half-pathways/loops and cycles, or
only cycles. In each subgraph the substance node is the
initial point of the only one half-pathway/loop or cycle.
The minimal connected part of the graph combining k
substance nodes and k reaction nodes is called graph of
order k. Each graph of order k includes several subgraphs
of order k. In other words, in graph of order k any sub-
stance node X;, can be represented by any degree (d; is the
number of half-ways emerging from the node), whereas in
subgraph of order k the node X; (i =1, 2, ..., k) may have
degree equal to only one.

Thus, taking into account the definitions given above,
the coefficient a, (k = 1, 2, ..., m) of the characteristic
polynomial (4) is an algebraic sum of subgraphs of order k
of the selected aggregate of k substances and k reactions.
The sign of the coefficient a, is determined by three factors.
First, the sign of the coefficient in Eqs. (7)-(9). Second, the
sign of each product of the Jacobian matrix elements, which
is determined by the rules of expansion of determinants.
Finally, the sign of each element b; determined in accor-
dance with Eq. (6) (table) (Rule 2).

Let the complete graph or its arbitrary part be denot-
ed as G;. Let a fragment or a part of the complete graph G;
be denoted with a double-subscript symbol, i.e., Gj,
where i is the ordinal number of the complete graph; j is
the ordinal number of the fragment of the complete graph
G.. Let the graph of order k be denoted as *G;, and its con-
stituting subgraphs, as g;.

RESULTS AND DISCUSSION

Using the rules of expansion of determinants and
graphical correspondence of each product of Jacobian
element, it can be shown that coefficient a, (k =1, 2, ...,
m) is an algebraic sum of subgraphs of order k of three
types in the selected aggregate of substances X X,2, ey
X,-k: aggregate (product) of only half—pathways and/or
loops (g )): only one cycle or aggregate of cycles (g(”)

(’ V)) product of half-pathways and/or loops and cycles
(g(lﬂ[[)’ g i’l
Subgraph g(’) is an aggregate of all half-pathways
and/or loops emergmg only one time from nodes X; , X,
. X, Subgraph g, D s positive if it contains: a) only half-
pathways, b) half-pathways and an even number of ele-
ments (+)-loop; ¢) half-pathways and any number of ele-
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Value and sign of graphical elements half-pathway, loop, positive pathway, and negative pathway constituting a com-
plex reaction graph. Correspondence between graphical elements and matrix elements of Jacobian Hbif H :

ox. & v P
b, ==—t=N'"(B, -a,)a, = (i,j=1,..,m)
e fz=l: "o
Kinetic equation of Value and sign of
Stoichiometric Graphical representation Rate of changes of the reaction rate (v,) graphical element

equation of reaction of reaction

concentration x; of
substance X;

calculated from the
mass action law

corresponding to
matrix elements b
and b;

half-pathway
X, o0—"v ¥,

half-pathway

B;

¥, 0—00 X,

v?’ ﬂ! ., _

- - ¥ , .
ot Xjrog, X, = x.0— e oux, Xi=—-a, Vv

positive pathway

a. .
x-oimﬁ—’mx- Xi

- ¥ -
oy }L_i' ﬁz r'}“i 1 ¥ i
¥

a,
v, =k, -x’

i

v
— r
bl] - _air a]r T
X
v
= . P
b,=+a,-pB, ;

ments (—)-loop. Subgraph g(,,l) is negative if it contains
half-pathways and an odd number of elements (+)-loop:

Subgraphs g(,,”) represent all cycles combining sub-

stances X , X; , ..., X; of the selected aggregate taken two
times if the direction of the pathways coincides with the
direction of the clockwise and counter-clockwise circum-
vention of a cycle. The subgraph of this type is negative or
positive if it consists of an even-numbered or an odd-
numbered cycle, respectively.

{O
£ i=1,2 . p)
k
where P = Hdi, is the number of subgraphs of type g(,],)of

/=1
the selected aggregate of the substance nodes X,-l, X,f o
X,-k, each of them having the power equal to d,-l.
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Subgraphs g( D) represent the products of cycles over 2, 3,

., k — 1 substances multiplied by half-pathways and/or
loops emerging from the other substances k — 2, k— 3, ...,
1 of the selected aggregate. Subgraph g is negative if it
consists of a product of: a) even-numbered cycle and half-
pathways/(—)-loop; b) odd-numbered cycle, half-path-
ways, and an odd number of elements (+)-loop. Subgraph
g™V is positive if it consists of a product of: a) an even-
numbered cycle, half-pathways, and an odd number of
elements (+)-loop; b) an odd-numbered cycle and half-
pathways/(—)-loop.

Subgraphs g(n”/) represent aggregates of two, three, etc.
cycles combining two, three, ..., kK — 2 substances of the
selected aggregate. Subgraph g(’ " is negative if it consists
of an odd number of even numbered cycles and it is posi-
tive if: a) all constituting cycles are even-numbered; b)
subgraph contains an even number of odd-numbered

cycles.

. %

x, 1% ?’ﬁ[ T\o\

Wi

Xl' 2 "

1 X,‘. a
7 .

“--—u—-*' }L,J % X
g™

Subgraphs gC,V) represent the product of a cycle of two,
three, ..., kK — j substances multiplied by half-
pathways/loops emerging from the substances that are not
combined into cycles. Subgraph gg/) is negative if it con-
tains: a) an odd number of even-numbered cycles and
half-pathways/(—)-loops; b) all its cycles are odd-num-
bered; ¢) an odd number of even-numbered cycles, half-
pathways, and an odd number of elements (+)-loop. This
subgraph is positive if contains: a) only even-numbered
cycles and any number of half-pathways and elements
(—)-loop; b) an even number of odd-numbered cycles and
any number of half-pathways and elements (—)-loop; ¢)

ERMAKOV

only even-numbered cycles, half-pathways, and an even
number of elements (+)-loop; d) an even number of odd-
numbered cycles, half-pathways, and an even number of
elements (+)-loop; €) an odd number of odd-numbered
cycles, half-pathways, and an odd number of elements
(+)-loop.

x,-jx’_’j/.

i 1 o v, k
}L]I Xi._ R }Ll!- 2 t/'.
3 - - -
P—— )
v}
En
Any of subgraphs gﬁf) s g”,{[) , and g(V) is equal to zero if it

contains at least one element (0)-loop.
As an example, let the expression for calculation of
coefficient a5 be written as an algebraic sum of subgraphs:

o

“f‘,Zj{,-IE/',;' it ﬁ} {Q of'}
g g
(11)

{m - 0]

g, g™ gl” g™
Expression (11) contains all types of subgraphs listed
above. The sum is taken negative in accordance with def-
inition (8), signs in squared brackets are determined by
the rule of expansion of determinants. The final value of
each subgraph in expression (11) is determined by the val-
ues of components of their graphical elements (table).
Thus, the sign and value of coefficient a, can be deter-
mined by exhaustive search of all subgraphs of order k
constituting the coefficient.

In studies of mechanisms/graphs of complex bio-
chemical systems it is useful to consider separately the
minimal connected part (i.e., graph of order k) of the
complete graph, which determines the negative sign of
the coefficient @, (k =1, 2, ..., m — 1). Let a graph of
order k be negative if it gives a negative contribution to
coefficient a,. The value of the negative graph of order k
is determined by values of stoichiometric coefficients,
rates v,, and concentrations X; in a stationary state. These
values can be calculated from Eq. (6).

BIOCHEMISTRY (Moscow) Vol. 68 No. 10 2003



THEORETICAL GRAPH METHOD FOR SEARCH AND ANALYSIS. I.

Thus, the problem of determination of signs of
coefficients @, (k =1, 2, ..., m — 1) and a,, (i.c., suffi-
cient conditions of existence of oscillations (10)) is
reduced to the search for the topology of the minimal
negative graph of order k (oscillator) in the complete
graph of the system and to the elucidation of the com-
plete graph topology providing a positive value of the
coefficient a,,. Let us compile a list of the main types of
topology of the minimal negative graphs of orders 1, 2,
3, and 4, which give a negative contribution to coeffi-
cients a,, a,, a;, and a,.

1. Value and sign of coefficient a,. It follows from Eq.
(7) and Rule 1 that coefficient a, is graphically represent-
ed by an aggregate of all half-pathways and loops emerg-
ing from the substance node X; (i = 1, 2, ..., m) of the
complete graph of the system. In other words, coefficient
a, is an algebraic sum of the subgraphs of the first order of

the type g”, in which each substance X; (i =1, 2, ..., m) is
the initial point of only one half-pathway or loop:
&= Zg“’ =- [{xn/‘ }] r=1,2,..,d), (12)

where d, is the node X, degree, i.e., the number of all half-
pathways/loops emerging from the node. On the basis of
Eq. (7) and definition of matrix elements b; (table) it is
possible to write the equations for calculating the value
and sign of coefficient a;.

If the complete graph of the system does not contain
a graphical elements loop, the coefficient a; at any values
of stoichiometric coefficients and system parameters is
strictly positive and equal to:

d,

m m V
:—Z ..:Z Oli'—r>0
X

i=1 =1 r=1 i

13)

If a given node X, of the complete graph of the

system contains at least one graphical element loop
o,

(X v,,), the coefficient a; contains a negative com-

ponent determined by this element, and its value is equal to:

k-l d »n g
Zbu Yo (- x—+22% =14
iml Pal X b lmkl pal i

It follows from Eq. (14) that if the element at the node X,
is (0)-loop (B, = oy, = 1) or (=)-loop (B, < ay,), inequal-
ity a; > 0 is valid at any values of system parameters. If
there is an element (+)-loop (B, > o) at the node X, the
coefficient a, at certain values of system parameters may
assume a negative, a positive, or zero value. Therefore, it
follows from Egs. (12)-(14) that coefficient a, at certain
values of system parameters takes a negative if and only if
the complete graph of the system contains at least one
graphical element (+)-loop. Otherwise, coefficient a, is
positive or equal to zero (Rule 3).
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On the basis of graphical Rule 3 for coefficient a, it
is possible to find graphical equivalents of well-known
tests of the absence of a limiting cycle in simply connect-
ed two-dimensional phase space (Dulac—Bendickson
test) or tests of the presence of a limiting cycle in a dou-
bly connected domain of two-dimensional phase space
(Poincare test). It is well known that a periodic solution of
the second order set of simultaneous equations corre-
sponds either to a stationary point of the type center (i.e.,
roots A, A, of the characteristic polynomial are imagi-
nary) or to the existence of an attractor of the limiting
cycle type, which encircles at least one unstable station-
ary point. It is also well known that in case of specific
point of type center the following expressions are valid:
a; = 0 and a, > 0. On the other hand, according to the
Poincare—Dulac—Bendickson test, alternating-sign value
of coefficient a; and positive value of coefficient a, are a
sufficient condition of existence of a limiting cycle.

Thus, if the graph of the complex reaction, whose
dynamics is described by the second order set of simultane-
ous differential equations, does not contain a graphical ele-
ments loop, none of the system parameters or variables
correspond to a periodic solution of the set of simultaneous
differential equations (Rule 4). An alternating-sign value
of coefficient a; can be obtained only in case of the pres-
ence of positive and negative components in the equation
for calculation of coefficient (12). It follows from Eq. (14)
that a positive component is due to the presence of half-
pathways or element (—)-loop, whereas a negative com-
ponent is due to the presence of autocatalytic stages
(graphical element (+)-loop) in the system. In other
words, if the graph of the reaction system does not con-
tain element (+)-loop, coefficient a; > 0. If condition
a, > 0 is met, the two-dimensional system contains only
one stationary point of the type asymptotically stable cen-
ter/focus. If the complete graph of the system contains an
element loop but coefficient a; is strictly negative
throughout the whole area of changes of parameters and
variables of the system, and condition a, > 0 is observed,
the system has an unstable stationary point belonging to
the type node/focus.

2. Value and sign of coefficient a,. Minimal negative
graphs (oscillators) of the second order. According to Eq.
(8), coefficient a, is a sum of all diagonal minors of the
second order of Jacobian (6). The graphical representa-
tion of second order minor is a fraction of the complete
graph of the system including two substance nodes X, X;
and all half-pathways (and/or loops) emerging from the
nodes X; and X, as well as all pathways connecting the two
nodes. According to the rule of expansion of determi-
nants, any second order minor of Jacobian (6) is equal to
the algebraic sum of the products of pairs of the Jacobian
elements of two types: positive (+b;b;) and negative
(=byb;;). Thus, coefficient a, can be graphlcally represent-
ed by an aggregate of all subgraphs of the second order of
two types. The first type (g‘,{)]) is represented by the prod-
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ucts of pairs of all half-pathways (and loops) emerging
from the nodes X; and X; and taken from the rules of
expansion of determinants with a plus sign. The second
type (gfle)) is represented by the products of pairs of all
pathways connecting the nodes X; and X, i.e., the cycles
taken from the rules of expansion of determinants with a
minus sign. The negative pathway X; ¥id X;is
assumed to be an even-numbered cycle numerically equal
to the positive product of two negative pathways, which is
signed minus in accordance with the rules of expansion of
determinants:

an _ 2 V.V,

g, a a, . (15)
xj - X,

Coefficient a, in a symbolic form can be written as:

o |

If the complete graph of the system contains no
loops, whereas each stoichiometric coefficient is equal to
one, the negative contribution to coefficient a,, in accor-
dance with Eq. (16), can be provided only by even-num-
bered cycles. However, if the conditions listed above are
observed, the even-numbered cycle subgraph is always
cancelled with the subgraph composed of the products of
the half-pathways belonging to the given even-numbered
cycle (these subgraphs have equal values but opposite
signs). Therefore, at all values of system parameters the
following inequality is observed: coefficient a, > 0. If the
complete graph of the system contains a graphical element
(0)-loop/(+)-loop and/or if there are stages (graph
branches) with stoichiometric coefficients larger than one,
there should be the second order subgraphs providing a
negative contribution to coefficient a,, whereas at certain
system parameters coefficient a, may take negative values
(Rule 5).

All possible variants of the topology of second order
negative graphs fall into four groups (schemes A-D). The
first and the second groups (schemes A and B) are graphs
2G, and ?G, produced by an even-numbered cycle consist-
ing of positive pathways and one or two loops. The third
group (scheme C) consists of graphs ?G; produced by an
even-numbered cycle that incorporates only positive
pathways. The fourth group (scheme D) consists of graphs
G, produced by an odd-numbered cycle and a loop
included in a negative pathway. The numerical value of
any negative graph of the second order is:

a= 3 (80+g)= +Z {

Ry

2 _ Y, Vs
Gn—Kan' ’

XX,

a7

where K is the algebraic sum of the products of the sto-
1ch10metrlc coefficients of the second order subgraphs g,;
(i=1, 2, ..., ) constituting the graph ?G,. The values of all
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negative subgraphs differ from each other only by the
value of the coefficient K,  , which is determined by the
topology of each graph °G,.”

Scheme A shows graph 2G; and two its subgraph
components g1, 8z

Coefficient K, G of graph %G, is equal to:
1

KIGI =tE, - K, =, (f —a;-i)'(—a;)—% By B . (18)

It follows from Eq. (18) that graph G, is negative, i.e.,

coefficient K, G is negative if the following conditions are
met: ]

Bis 2 ais’ (19)

(a, - f,) <21 PrPr (< . (20)

]7"
Scheme B shows graph ’G, and two its subgraph
components g,;, 8.

B
Coefficient K 26, of graph %G, is equal to:
K . = (Zss -(ﬂfs _afs)-a’jr -(.ﬂjr _O"jr)_a’ss -16.;5 '(ij -ﬂjr . (21)
Coefficient K, 1s negative if at least one of the two fol-

lowing equatlons is valid, B; = oy and B, = a,, or if the
inequalities B, < o, and B;, > o (or vice versa) are
observed. If the two product stoichiometric coefficients
are larger or smaller than pair o, and oy, coefficient K

is negative, provided the following inequality is observed

BIOCHEMISTRY (Moscow) Vol. 68 No. 10 2003
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(ﬂi.v _aix)-(ﬂjr _ajr) <ﬂ]s 'ﬂir-
Scheme C shows graph G5, whose coefficient (23)

(22)

K 2 is negative if condition (24) is valid:
K., =(Ce)(a)-a, B a, B, (23)
ais '(er < ﬂ_/s : ﬂir . (24)

Scheme D shows graph °G, and its subgraph compo-
nents: g4, &4, and g4 (a product of a half-pathway multi-
plied by a loop, a product of two half-pathways multiplied
by one another, and an odd-numbered cycle, respective-
ly); g44 (an even-numbered cycle including substances X;
and X; with counter-clockwise circumvention of the
cycle); g45 (an even-numbered cycle); g4 (an even-num-
bered cycle of positive pathways).

The algebraic sum of the subgraphs gy, 84, and g, is
equal to zero. It should be noted that subgraphs contain-
ing at least two identical subscripts of reaction rate are
cancelled out. Summation of all subgraphs of scheme D
with necessary cancellations gives the following equation
for calculation of coefficient KzG4:

K

= 2 - 2 - - - pa—
g, =y aﬂ' o a’Js aj}' ﬁn’

ags-ﬁl‘rs -a_j}'-ﬂﬂ’ . (25)
Coefficient ch4 is negative if the following inequality is
valid:

o ..
ﬂjs > a]_s + _s . (26)

i

Usually, the stoichiometric coefficients in biochemical
systems are equal to 1 or 2. In the simplest case, i.e., if all
stoichiometric coefficients are equal to one, the first and the
second groups (schemes A and B) are characterized by the
existence of only one type of topology of the minimal neg-
ative graph of the second order each: graphs °Gs and °G;.
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If the stoichiometric coefficients can take the values
1 and 2, all possible variants of topology of the minimal
negative graph of the second order can be derived from
Egs. (18)-(26). Let us consider the following graphs as an
example: three variants of negative graphs of the first
group (scheme A)—2G,, ?Gy, ’G,; one graph of the second
group (scheme B)—2G,y; two graphs of the third group
(scheme C)—?G,,;, ’G,, and one graph of the fourth
group (scheme D)—2Gjj5.

A specific feature of the graphs containing graphical
element (+)-loop (autocatalytic reaction) is that this
graphical element is also a negative component of coeffi-
cient a,. Therefore, coefficient a, is negative only if the
complete graph of the system contains at least one graphi-
cal element (0)-loop/(+)-loop, or a half-pathway of degree
Bi > 1in the cycle including two substances, or a combina-
tion of these elements. In any other cases coefficient a, is
positive or equal to zero (Rule 6). Rule 6 can be recast as
follows. If a complete graph of a system does not contain
loops and all stoichiometric coefficients are equal to one,
coefficient a, > 0 at any values of system parameters (Rule
6.1).

3. Value and sign of coefficient a;. Minimal negative
graphs (oscillators) of the third order. Coefficient a5 is the
sum of all the third order diagonal minors of the initial
system Jacobian of order m. By definition, the third order
determinant is equal to the algebraic sum of six products
of three elements of the determinant selected in accor-
dance with a corresponding rule. For instance, diagonal
minor M 1'1'1’71’; is equal to:

MU op b oho4b b b +bh. b b -b b b -b bob

L) 174G 5 EURE e LR I T EUR TR 13?3 ﬁ 11*1 .

(27)
Because each Jacobian element has a simple graphi-

cal representation (table), the product b bb ; b corre-
sponds to all half-pathways, which are m01dent one tlme toeach
substance node X,;, X,,, and X,;. Products b,zll bl3,z i, and
i D b, i correspond to the cycles passing through the
three substances. In the former case the cycle passes
through the substances in the direction from X, to X,
whereas in the latter case, in opposite direction. The prod-
ucts signed minus (according to the rule of expansion of
determinants),b,. b, b, s bl|l3 b, ,and bbb,
represent the half- pathway emerging from substance X, and a
cycle passing through substances X, and X;; in case of the first

product, etc. Taking into account the sign of the coefficient a,
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in Eq. (8) and signs assigned as a result of expansion of the
third order minors, it should be concluded that only positive
subgraphs give a negative contribution to the coefficient, i.e.,
the coefficient a; in a symbol form can be written as follows:

a= > (eP+ g‘-‘"+g )=
npRpny
(28)
o"v xﬁa X :fﬂ
__S|fx f L N = |
:Jl’cl o}*’: }”I "X " j?,:.f l::r{JQ‘} j’r"‘[

Let the third order negative graphs and the main graphi-
cal rules of their presentation be recalled once more. The
value of any third order negative graph is:

Vv -y
G, =K, TR (29)
"X XX
where coefficient K, . = —1, =2, ..., —l is determined by

the values of stoichionietric coefficients and graph topol-
ogy.

Scheme E shows the group of all third order nega-
tive graphs that meet the following condition: if the
degree of any substance node is one, the third order neg-
ative graphs contain only positive pathways with the sto-
ichiometric coefficient equal to one. For the sake of
illustrative presentation, here and further in schemes the
cycles involving two and three substances are shaded

gray.

CPP ks

K3C2 K3C3 KQC N

The third order graph is negative if it contains at least two
even-numbered cycles involving substances X;, X;, and X,
which are required to compensate the positive contribu-
tion of the only subgraph composed of a product of half-
pathways. Graphs °G, and °’G, contain two even-num-
bered cycles each. In graph G, one cycle includes two
substances, X; and X,, whereas another cycle includes the
three substances. Graph G, consists of two even-num-
bered cycles including two substances each. Graphs °G;,
JG,, and 7G5 contain three, four, and five even-numbered
cycles, respectively, all cycles of graph ’G5 containing only
two substances.

Schemes F; and F, show a group of graphs con-
taining only positive pathways and loops, the stoichio-
metric coefficients of all pathways of the graphs shown
in scheme F, being equal to one. Graphs °G, °G,, and
3Gy contain one, two, and three loops, respectively,
each loop being incorporated in a cycle of positive
pathways.

ERMAKOV

Q@@{ ;E?'G":Q;j
-1 K3 -1 Ka.;g._1 l{gcm-..z Ksclr

It can be shown that the graph composed of a cycle con-
taining any number of positive pathways and any number
of graphical elements (0)-loop in all cases is characterized
by K. G = —1 . Graphs ’G,, ’G,,, and °G,, contain two
even-numbered cycles and one (0)-loop in different com-
binations. The following graphical rule can be suggested
to characterize such structures: any loop that is not incor-
porated in an even-numbered cycle reduces the numerical
value of negative graph of order &k by one (Rule 7).

Two possible variants of negative graphs containing
an autocatalytic loop (°Gy3) and a product stoichiometric
coefficient not equal to one (°G,,) are shown in scheme
(F,) as an example.

3G12 3G13 FZ

KSG].:: -1 K3G13= -2

Schemes G; and G, show a group of the third order
negative graphs containing one negative pathway. It
should be emphasized that the necessary condition of the
existence of such topological variants is the presence of a
graphical element loop and/or the presence of at least one
product stoichiometric coefficient larger than one.

Gy G G, Gy 3Gy 3y

SCORE

K3GI5=—2 Kig, =

Kigg-1

Schemes H;, H,, and H; show a group of third order
negative graphs containing two negative pathways. If each
stoichiometric coefficient is equal to one and there is no
elements loop, there is only one negative graph topolo-

gy—szo-

3 T 3 J
Ga H, Gz Gy %63, H, ¥Gyq 36,6 Hy
Ksgyr 1 Blogml  Kiggyml  Moegy -l ]| Megyl  Kigy=2

Graph °G,, is a part of many biochemical systems. For
example, it was found in complete graphs of many mecha-
nisms of substrate inhibition in enzymatic reactions.
Graphs °G,,, °G,,, and °G,; represent all possible variants of
topology of even-numbered cycle including two negative
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pathways and a graphical element (0)-loop. Scheme Hj
shows two possible variants of negative graph topology, in
which the weights (stoichiometric coefficients) of the
graph pathways are larger than one (°G,,, °G,s).

4. Value and sign of coefficient a,. Minimal negative
graphs (oscillators) of fourth order. Coefficient a, is the
sum of all diagonal minors of the fourth order of the ini-
tial system Jacobian of order m. By definition, the fourth
order determinant is equal to the algebraic sum of 24
products of four elements of the determinant selected in
accordance with a corresponding rule. Taking into con-
sideration simple geometrical sense of each Jacobian ele-
ment (table), it can be shown that coefﬁcient a, corre-
sponds to an algebraic sum of four variants g’/ 1’ ,’,;), f,’}’)
and g‘,ﬁ:) of subgraphs listed above:

2= 3 (&0+gD+g™y ™)
np Ry R 1 "3 4

E

iy greny ga o
-S[ Gt G0 0 T 0 'f}};}]'

i

(30)

Let us compile a list of the fourth order negative
graphs and basic graphical rules of their construction. In
the simplest case the graphs contain no loops and all sto-
ichiometric coefficients of reactions v,, v, v;, and v; are
equal to one each. In this case, the value of any fourth
order negative graph is:

4G _K, vr-vs-vl.-vj ’

Gﬂ . . .
X, 0 XXy X

€1V

where coefficient K, G > —1, and this value is determined
by the number of evén-numbered cycles rather than by
the values of stoichiometric coefficients.

Scheme I shows a group of fourth order negative
graphs, which contain only positive pathways if the degree
of any substance node is equal to one.

—e ! S?I
4(}3
ig m
z
4G6 4(;? 4GB
[
Gy, Gy 4Gy, Gy,

The graph in this case is negative if there are at least
two even-numbered cycles with substances X;, X;, X, X,
capable of compensating positive contribution of single
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subgraph composed of half-pathway products. Graphs
%G, and “G, contain two even-numbered cycles each. One
of two even-numbered cycles includes the four sub-
stances, whereas the other cycle includes either two (“G,)
or three (“G,) substances. Graphs ‘G, “G,, and “G5 do not
contain cycles including the four substances. These
graphs are formed by two even-numbered cycles includ-
ing either two and three (“G;, “G,) substances or only
three (“Gs) substances of the system. Graphs “G4-“G,, are
derivatives of the graphs considered above and can be
formed by three or more even-numbered cycles including
four, three, and two substances. This example illustrates
all variants of the fourth order graphs formed by six posi-
tive pathways containing three even-numbered cycles.
Graphs (“Gq, *G,), (*Gs-*Gy,y), and (*Gy,-*G,,) represent
combinations of even-numbered cycles with two, two-
three, and three substances, respectively. The value of
coefficient K, . of negative graphs of this group contain-

‘G,
ing two or more even-numbered cycles is:

K, ==(N=1).

where N > 2 is the total number of even-numbered cycles
in the fourth order negative graph.

Schemes J; and J, show a group of the fourth order
negative graphs containing one negative pathway. In this
case, one substance node of these graphs has the second
degree, which gives rise to appearance of at least two
positive subgraphs composed of products of half-path-
ways. Topological analysis allowed a simple graphical
rule of construction of negative graphs of this group to
be suggested. The fourth order graph containing one
negative pathway has a negative value only if it contains
four even-numbered cycles formed by at least seven path-
ways, one of them being negative and the others positive
(Rule 8).

Jl J2

Gy Gy 4Gy Gg

The topology of the graphs of this group falls into two
variants. The graph of the first type, “G,s, contains one
even-numbered cycle produced by positive pathways
passing through the four substances, an even-numbered
cycle produced by a negative pathway, and two even-
numbered cycles passing through two and three sub-
stances, respectively. Graph “G,s is the only negative
graph of this type, unless the only one negative pathway is
a part of the graph contour. The other combinations are
either positive or equal to zero.

The contours of the graphs of the second type of this
group (scheme J,) do not contain an even-numbered
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cycle passing through four substances. These graphs con-
sist of one even-numbered cycle produced by a negative
pathway and one of the following combinations of three
even-numbered cycles: two-two-three and two-three-
three substances (graphs ‘G, ‘G,;, and “G,4, respective-
ly). Graphs “G,s-“G,3 contain the minimum possible
number of pathways. These negative graphs are character-
ized by the coefficientK., =—(N —1) in Eq. (31).

Scheme K shows the fourth order negative graphs
containing two negative pathways, which are arranged as
an even-numbered cycle passing through the four sub-
stances. The graphs of this group can be constructed using
the following simple rule. The fourth order graph contain-
ing two negative pathways, arranged as an even-numbered
cycle containing four substances, is negative if and only if
the graph also contains at least one even-numbered cycle
produced by positive pathways (Rule 9).

Gys 4Gyg Gy 4Gy 4Gy

Scheme K shows all possible variants of topology of neg-
ative graphs containing two even-numbered cycles, one of
which includes the four substances, whereas the other
includes a cycle through two (‘Gyy-*G,,) or three (“G,s,
*G,,) substances. Graphs “G,,-*G,, are characterized by
the coefficient K, . =—(N —1) in Eq. (31).

The graphs characterized by the coefficient K, G = -2
in Eq. (31) are shown in scheme K as an example. All
graphs “G,s-*G;, are produced by the minimum possible
number of pathways and include a combination of two
even-numbered cycles composed of positive pathways
through two and three substances. In addition, the nega-
tive graphs of this type differ from each other by the
arrangement of negative pathways in the even-numbered
cycle including the four substances.

Let us in conclusion list certain criteria inherent in
the existence of a negative contribution (graph of order k)
to coefficient a, (k= 1, 2, ..., m — 1) and a positive con-
tribution to coefficient a,,. The graph of order k is nega-
tive if the following conditions are met: (i) there are at
least two even-numbered cycles passing through the same
reaction nodes and substance nodes belonging to the
same aggregate of substances; (ii) there is an even-num-
bered cycle, in which at least one variant of the pathway
arrangement satisfies the condition ;. > 1; (iii) there is at
least one graphical element loop in an even-numbered
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cycle; and (iiii) there is at least one graphical element (+)-
loop.

Coecfficient a,, is positive if the following conditions
are observed: (j) there is an odd-numbered cycle includ-
ing all substances of the system; (jj) there are half-path-
ways that do not belong to any even-numbered cycle (e.g.,
reactions of matter exchange between the system and sur-
rounding medium); (jjj) there are two or more only even-
numbered or only odd-numbered cycles belonging to nei-
ther the same aggregate of substance nodes nor the same
aggregate of reaction nodes.

The graphical rules considered above provide the
opportunity to suggest a number of topological criteria for
schemes of complex reactions, which indicate that the
leading coefficient a,, is positive. For example, these cri-
teria include so-called “dangling nodes” or “buffer
stages”. It was shown in [11-13] that incorporation of
buffer stages into the kinetic models of the chemical reac-
tions containing potential oscillators gives rise to genera-
tion of oscillations. Graphical analysis revealed that this
was caused by elimination of the negative contribution to
coefficient a, associated with the negative subgraph,
which determines itself a negative contribution to coeffi-
cient a,. In this case, the sufficient condition of existence
of oscillations (10) is observed, the value of coefficient a,,
is strictly negative, and the value of coefficient a, (k =1,
2, ...,m — 1) is alternating-sign.

I am grateful to Prof. Hans Westerhoff (Free
University, Amsterdam) for valuable criticism and to Prof.
Marta Cascante (Universitat de Barcelona, Barcelona) for
stimulating discussion and valuable criticism.
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